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V. N. PAIMUSHIN and I. N. SIDOROV
Kazan’
(Received 27 June 1996)

A method of constructing an integral representation of the solution of the equilibrium equations of Timoshenko-type theory for
thin or shallow isotropic shells of complex geometry is proposed. The method involves the following steps: writing the equilibrium
equations for a fundamental solution of the three-dimensional theory of elasticity—the Kelvin vector in a curvilinear system of
coordinates, normally to the middle surface of the shell; selecting a differential operator corresponding to the given theory of
shells from the exact equilibrium equations for the Kelvin vector and constructing an integral representation of the vector of
displacements of elements of the shell using Green’s formula for the differential operator of the given theory of shells. It is shown
that problems of determining the parameters of the stress-strain state of a shell in differential and integral formulations are
equivalent, with an error which is small in the context of approximations of the theory. One method of constructing integral
equations for the displacement vector of the elements of a shell of constant thickness is proposed. © 1998 Elsevier Science Ltd.
All rights reserved.

An iteration algorithm for solving problems in the statics of shallow shells has been proposed [1-3] to
overcome difficulties which arise when using the boundary-element method to determine the parameters
of the stress—strain state of shells of complex geometry. However, it is noted in [3] that a large number
of iterations is required if the radii of curvature of the shell are small under certain boundary conditions,
and in some cases the process may diverge.

The method described below of obtaining an integral representation of the solution of the equations
of equilibrium of the Timoshenko-type theory of shells does not have this drawback, is fairly universal,
does not require the construction of a fundamental solution of the equilibrium equations, and allows
the construction of second-order Fredholm integral equations for determining the unknown parameter
on the contour and the middle surface of a shell of complex geometry.

1. In three-dimensional Euclidean space R®, we are given an isotropic thin or shallow shell of constant
thickness 2A. The shell has a middle surface § which satisfies the necessary smoothness requirements,
a piecewise-smooth contour of that surface I" and a lateral surface X formed as the normal m moves
towards § along I'. We assume that the surface S is parametrized in terms of the radius vector r,(x', x%)
(!, x* are curvilinear Gaussian coordinates). Then the radius vector of elements of the shell can be
represented in the form R = r, + zm(r,) = m,, where m(r;) = m, is the unit normal to the surface S
at a point with radius vector r; z € [A, 4] is the normal coordinate.

The three-dimensional equilibrium equation in vector form for elements of the shell has the form
(everywhere below Greek subscripts and superscripts take values 1, 2, Latin subscripts and superscripts
take values 1, 2, 3 and summation is performed over repeated indices)

L o 3 - = .a_ = _Q_
ﬁ[aa,x(ﬁp )+33 ,(\gP)I+F=0 (am =5 3, = az) (1.1)

where P’ are the vector components of the stress tensor, F is the vector of mass forces and g is the
determinant of the metric tensor.

In a system of coordinates associated with the middle surface of the shell, the vectors of the basis as
well as the components of the metric tensor can be represented in the form (8'3 is the Kronecker delta,
b? are mixed components of the second metric tensor of the middle surface of the shell and o and
vary cyclically in determining the vectors of a mutual basis)
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R, =(8% - 26f)r;, R®=[Ryxm,]/(R,. [Ryxm,])
12)
R3 =R;=m,, gaﬁ=(Ra' Rﬁ)’ g“ﬂ=(R°‘, RP)

The vector components of the stress tensor can be expressed by the generalized Hooke’s law in terms
of the displacement vector of elements of the shell u by the formulae

P =A(R*, 9, ,WR' +u(R’, 9, ,w)R* +1g"3, u (1.3)

where A and p are Lamé parameters.

In the context of an approximate thin or shallow shell of constant thickness 2k the vectors of
the basis, the components of the metnc tensor, and also its determinant can, by (1.2), be replaced
with error zb%, compared with 8% by the corresponding quantities for the middle surface of the
shell.

Using Eq. (1.1) and the usual approximations, we obtain equations for the vector of forces and vector
of moments of the form

3y, (VaT(r,)) +VaX(r,)=0 (1.4)
3y x (VaM® (r,)) + Va((r, x T%(r, )] + Y(r,)) =0 (15)

The vector of forces T* and of moments M® are given by the formulae

h h
T®(r,)= [ P*(r,, 2)dz, M“(rx)=|:m(rx)x | P%(r,, z)zdz] (1.6)
Zh “h
B
X(r,) =P + PO + [ F(r,, 2)dz
~h

h
Y(r,) = h{m(r, )X (P =P+ | [m(r,) x F(r,, 2)zdz
-h

where P{*) is the given vector of forces on the upper front surface S* and on the lower front surface
S~ of the shell.

2. For the classical Timoshenko-type theory, according to the kinematic hypothesis, the displacement
vector can be written in the form [4]

wR=wOw)+2w0(r), w® =v(r,), W = hygr® 1)

where v(r,) is the displacement vector of elements of the middle surface of the shell and y(r;) = yr*
is a vector which defines the rotation of fibres normal to the middle surface before deformation.
According to the static hypothesis of this theory it follows from (1.3) that

B =P, R’)=MR", 9, ,u)+2u(m,, 9;,u)=0

and the vectors P% P° become

’ , 2
Pe = M'(RP, 3y WR® +U(R®, 9, R +1g®dp 0, A= :';‘u 22)

P’ =p(m,, 35, wRP +(R;, 3, w)RP]

According to the usual assumptions about basis vectors and the first metric tensor of a thin or shallow
shell, as well as formulae (2.1) and (2.2), the vector of forces T® and of moments M” in the classical
Timoshenko-type theory, allowing for the expressions for shearing forces [4] can be represented in the
form
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T® = 2A[A(rP, D‘,',‘\v((’))r"l +u(r%, D,"xw(o))r" + pa“aDB'xw(o)]+
+2hu(k’ = D(m,, Dy w?)a® +*, D; ,w*)m,

(2.3)
2
M® = %[mx x t*]
t* =P, D,,_xw('))l"Jl +p(r’, Dk'xw(”)r" + ua“BDB' xw“)
2m+1 z
o252
k'xw 2h Jh m h ak‘x“(R)dZ
ap'xw(m), k= B
- E%';:—l[“(+) _(_1)"! “(°) - 281mw(0) ]’ k=3 (m = 01 1)
where k is the shear factor, u®) = u(r, = hm,), 8,,, is the Kronecker delta and P,,(z/h) is a Legendre
polynomial of order m.
For the vector T> we have the formula
T = 2hpk'[(m,, Bp_xw(o))rﬂ +(rﬂ, %w“))r"] 24)
We will introduce the differential operator Lu, which is defined as
1 3
Lu(r,, 2)= Eal,m,(w/ZT"‘ )+ 2—:3{[3,,,,(«/2M“ yxm, )+ Val[r, xT*]xm, ]} (2.5)

and also by formulae (2.1) and (2.3), and is an approximation of the Lamé operator in the classical
Timoshenko-type theory. Then for the vector constructed using the Kelvin displacement vector Ug,
(U? is the Kelvin displacement tensor [5])

W (r, A)=UQr,, A)+%U8;(rx, A) (2.6)

2k+1"
-h

U(i) = U,-pep
we have the relation
1 3z
LWy = 5=, (VaTh ) + =5 {19, (VaMy) xm, + allrg x Ty 1 xm, ]} =

=_4;{

1 -

*Esizf{l(h.[m, X (TG + 151+ E8(x, - £y )im, X&) "‘*]}} )

L 3
'{ﬁaa.x(w/zl’?(i)H5-;—3[(3‘1'1(\/51,;('.)) +alr, xPf;]) xm, ]}, r S, lEi<h  (27)
Here
TS (r,, A)=2hA(eP, Dy U™ +ux®, D, U+
+pa™®Dy US1+2hu(k - Di(m,, Dy UD)a% +
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2h?
+r%, D, UM)m,, M&r,, A)=—3-[mxxtg-)]
(T A=, Dy U +u(r®, D, U +1a®®D, UY

TG = T3y (r, £ hm(r,))
3 k (2.8)
T(,) = K(R N akle(,') )m+},l(m, ak‘xU(i) )Rk +uaa,xU(,-)

A2h ,
T =W(T{,~‘;’3, m,)r® - 2hu(k’ - Di(m,, D, U +x®, D, UD)m,

2r2 A
3 A+2p (T, m,)m, xr*]

(T (. A), m)=A(P, Dy UE)+(A+2u)m,, D, ,UX), k=0,1

o
PM(i) =

3(r; — ry) is the Dirac delta-function, e; is the unit vector of a Cartesian system of coordinates defining
the direction of operation of a point force in an infinite elastic medium and applied at the point with
radius vector A = r, + &my, r, = r('rll, n?) is the radius vector of a point of the middle surface of a
shell with Gaussian coordinates (n', n°), and £ is the normal coordinate, taken along the normal m,, =
m(rn); by enclosing the subscript i in the parentheses we emphasize that the Kelvin vector U
corresponds to the unit force e; in a Cartesian system of coordinates, and the equation for this vector
can be written in a curvilinear system of coordinates.
Suppose that the vector (2.1) is a solution of system (1.4), (1.5). Then we transform the integral

A
I= j dz[[ [(Lu, Wiy) —(LW;), u))dx'dx? =
-h S
= 1] {(@ax(VaT®), UG~ (@, (VaTsy), w))+

N
+%[([au,x('\/;Ma)me], UEI!)))_([aa.x(‘/;M?i))xmx]’ w(l))]+

1
+Ja ;[(UE,‘-;, [[ry X T*1xm, )~ (W, [[r, x T 1xm, 1)]}dx'dx2
which, according to (1.4), (1.5), (2.1) and (2.5)—~(2.7), is equal to
1 -
I= jsj Va {—(x, UD)-(UR, [Yxm, ]);+(T((,.‘)"3 TG, w9+
+w'?, e,)8(r, - r,)+ (T((,-‘;)3 + T((,-;)3, wy+ %(w(”, e)3(r, —r))+

+71_;(aa.x(\/ng(i))’ W)+

+%{([La(8a_, (VaPji ) xm, } W(I)J +([[ry X Pry;)]xm, ], w(n)}}dxldﬁ (29)

to the form (n% are the components of the unit outward normal to the surface X and ds, is an element
of the arc of the contour I')

I=] {(T"n(f, Uf?)))—(T(‘}‘)nf, w(®)4
r

1
(M, [m, XU D~ (MEnE, [m, x wl) ])]}ds, -

I AT, 00 U)X, 0y )
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1
+2 1M, 3, [m, xUPD - (M), m,,,[-rn,,><w“>1)]+
+T* m )( U(,), ra) (TG, mx)(%wu), ra):ldx'de (2.10)

Using the relations
1
(T, 3, U~ (TG, 3, W)~ (TG, m,)(;w"’, ra)+

1 gm 3 -
+@, w308 ) =-1(T. 2oy -ui-ug)

3] (M3 [, X UR]) - (M2 2 [, X W] = o0, TR 2, B
[ ax(VaPfG ) W )+i—([aa‘,(ﬁP§(i))xm,],w(l))] dx'dx? =

- ((PF o W)+ (P [, x WO Dlds, -

] [Vl 1.0, W)+, D alm, x W Dl d”

(Bl B alm X W) = 2 (10, 3573w )

3(A+2u)

(W, [[ry X Pf1xm, 1) = —(w®, r, )(m,, P))

from (2.9) and (2.10) we obtain the mtegral representation of the displacement vector of elements
of the shell u(ry, z) = w® (r,) + (2/h)w(r,) in the form

(ury,E)e) = | (T (r ). U (r, . A)) -

—(Triy (1, A) WO (1) + (ME(r ). [m X — U§})’(r,,r,A)1)—
(M (5 A, X w0, D, +

+| £ (X)), U (r,, A)+(Y(r,)xm, ],— Ué},’(r,,A»—

“('17:(5)3 -T((i;)3,w(°)(rx »- (T((S)% +T‘,,”,w‘”(r, )+
+TE)FUD -UG)-UR e Ap

+(m,, U{P (r,, A))(3,, ,m, —t‘*(r N+ (P (r,, A), 0 WO (r, )+

2hA
+§E7~+2 )( ((,]))3(rx,A),m,)(r“,aa'xw(”(rx))+

1
+(7'-w(”(1')lr )y )(mx,P}’(i)(rx,A))}dSG,rn €S, IEl<h (2.11)

Here
I =T I _ z 0)X
Jr T na » M = nu_ N Tll(l) = 2hP((,)) = (T((ll) + P%(') )né

242
Mn(r) = —[m x P((xl))z] (Mg, +P, M) Ing
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Py B2 js the kth moment of the Kelvin stress vector [5] on the side surface of the shell.

3. For any internal point of the shell with radius vector A let the vectors w®, w) satisfy vector relation
(2.11). We will determine the error by which the vector u(r,, £) satisfies the system of equations (1.4)
and (1.5). To do so, we introduce the operators

LPV(A) =3,  (/alr ) (T (r,) + P (x, ) + \[a(rg ) (PP (v) - PO (v)) (3.1)
LPv(A) =3, , ((Ja(r,)(M® (r, ) + Py (r, ) +

+ a(rn )([ra X (T (xy )+ Pf (1 N1+ h{my x (P (v) + PP (v))]

b= “2 2 (T (), my )6 ~ 2K~ Dl(my, Dy ov)a® + (5%, Dy v m,
2
By <2 05,y e

3 A+2u
(T3 (v),my) =A(rP, Dg 1 v® (5 )+ A+ 2p)(my, Dy v (1))

2k+l h

v“”(r,,)- JPk( (A, k=01
-h

P3(v) = AM(r*, 0, yvim, +p(my, 3, vIr* +pd; v
PE? =3 (r, thm,)

The Kelvin vectors, their moments and derivatives satisfy the equations
LYUQ (xr,, A) =lg, (r,. 1), LOUR(r,, A) = LPUR(r,,A)=0
LYUR(x,, A) =l (r. 1), LU (r, 1, A)=0
LYREE (e r A = LU = LPT(7 =0, mk=0,1

k2h o,
LYPF, (r,, A) = m Toy »m, )r® — 2k’ = 1)(m ., Dy o (., 1, ))a*’m,
L%I)P%(,) (l'x ,A) =0

L%O)Pgl(i) (l'x . A) = —ZX(m, ,lo(,‘)(l‘x ,l'ﬂ ))[mx X l'(l ]
2

h
VPG (1, A) ==
n Parci) (T A) 3 ).+2p

(T3P m, ) = AP, Dy iy (et k=0,
lO(i) (l"t ,I'n )= —Ja(rn )8(!‘, - l'n )e,-
Ly (re o) = Ja(rn W(r, - ro)lm, xe; ]k

From these equations and formulae (2.4) and (3.1), applying operators L(")u(A) to the right- and
left-hand sides of relation (2.11), we obtain the system of vector equations

3, n (/i) T* (1)) + @l ) (X(ry )+ 2hb v (1 )rP) = 0

O n(,/a(rn IM® (1)) + yfa(ty ) ([re X T (1 )]+ Y (1)) =0

It follows from (3.2) that the vector u(ry, £) satisfies Eq. (1.4) with an error 2‘f(a(r,,))uhb°‘ya(rn, €).
In the approximations of a thin or shallow shell, these terms in the equilibrium equations can be
neglected.

(T m, lm, xr*)

(3.2)
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Using integral representation (2.11) for internal points of the shell, we can calculate the vectors of
forces and moments from the formulae

T® (1) = hu(ry.8), M®(ry)=I1Mu(r, ,8)

h -
17 = [{y +2hp(k’ = DI(my,3p )@ +(r®,3; )Imy }dE
~h

M h N
= Jlml,
i“ = )\.'(l‘a ,aﬂ_n )l‘a + ].l(l'a ,ak'n )l'k + uaaﬁau‘“

,:(M),“(,. ,E)= e,.{ 1[ {(Tf(rx_r), l:(M)UE?))(l‘x,raA)) _

—Ur TS (A WO, )+ (ME(r, 1), [m, x %1,{ UL (r, 1, A -
~( M) (2, r. A), [m, X%W(n(l},r)])}ds, +
+f £ (X(r,), MU (r,, A)+([Y(r,)xm,], %1,{ Myd(r,,A) -
_(II(M ) (T((i*;)J - T((,-;” ), w(O)(rx »—( 111"(M)(T((5)3 + T((i_))3 ), wih )+
F LT (0, 1% LU UG- UG, A+
+m,, I UG, A))(aa.,m,,%t“(rx)n

2h\

+(t,{ M )Pﬁ,-z')(rx,A),Ba’xw‘o)(rx))+m

ATUOTR (r,, A)m, )(r%, 3, w(r,)) +

+(% wO (e, )5, )(m,, [T*OPE (5, AY}S, ), T, €S, 1EI<h

4. On the basis of integral representation (2.11), a boundary integral equation can be
constructed for the unknown vectors both on the contour and on the middle surface of the shell. To
construct this equation, we need to use the limit properties of the right-hand side of Eq. (2.11) on the
side X.

We transform the sum of the integrals in (2.11)

I,(A) = !I[-('rf(,.)(r,'r, Ay wO(r, 1)~ (ME, (r, . A), [m, X -}l;w(”(rx'r)])]ds, +

=T =T WO )= (T + 5, W, s,

using (2.1) to the form
IyMy=- [ @u®RALuE,2)-ur, E)dS- ] (P, (R, A),u(r, . £))dS  (4.1)
(EMVE V) ) (s*Us~UL)

where P, is the Kelvin stress vector on the shell surface.

Suppose that the vector u(r,, z) on this surface satisfies the Hélder condition. Then the first
integral of the right-hand side of (4.1) does not experience a discontinuity on crossing the point with
radius vector A, = rf + &m,(r}) on the side Z, and the integral I;;) possesses the following limit
properties [5]

Ié)(Ap) = ’5)(’\11)'—*%(“('#,&” )e;)
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where ,)( ) are limit values of the integral I; at the point with radius vector A, = rf + &P

from 1ns1de the plus exponent) and outside (the minus exponent) the shell, respectively; I(,)(A ) is the
direct (singular) value of this integral on X. It can be shown that the other integrals on the right-hand
side of (2.11) do not suffer a dlscontmulty on crossing X.

The mtegral equations for w® and w can be picked out from (2.11) by using the expansion of this
relation in terms of Legendre polynomials Pi(€/h) (k = 0.1) and the limit properties of the integral I;
on the surface Z.

The integral equations for w® and w¥) thus constructed are the basis for constructing a boundary-
element method for determining the parameters of the stress—strain state of the shell. By subdividing
the middle surface and contour of the shell into isoparametric [S] boundary elements with cubic
interpolation of the geometric and mechanical variables, we can reduce the integral equations for w?
and w' to an algebraic system of equations. The nodal vectors of displacements both on the contour
of the shell will be the unknowns of this system. Once the nodal unknowns have been determined, the
forces and moments at internal points of the shell can be determined using the above formulae.
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